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Abstract. We provide a framework for extensions of Lie algebroids, 
including non-abelian extensions and Lie algebroids over different bases. 
Our approach involves Ehresmann connections, which allows straight 
generalizations of classical constructions. We exhibit a filtration in co- 
homology and explain the associated spectral sequence. We also give a 
description of the groupoid integrating an extension in case a complete 
connection exists. The integrability is also studied. 



The concept of Lie algebroid proved to be relevant in diverse fields of 
geometry, with interesting applications in physics as well. However, despite 
intensive studies, the notion of extension was never systematically investi- 
gated. It is the aim of this paper to fill this gap. We study extensions of 
Lie algebroids from a general perspective, the interest is to get a unified 
treatment for a large variety of situations. 

The basic setting will be a surjective Lie algebroid morphism n : Ae ^ 
Ab covering a surjective submersion p : E ^ B where Ae and Ab are Lie 
algebroids over E and B, respectively. In this situation, we denote /C the 
kernel of vr. It is a Lie algebroid over E and we obtain this way Ae ss, an 
extension of by /C: 



In Section [H we recall basic notion concerning Lie algebroids and their 
extensions. Then we introduce in Section[2]the notion of Ehresmann connec- 
tion for an extension: it is given by a sub-vector bundle H complementary 
to /C in Ae'- 



Such a connection always exists and we can construct the usual horizontal 
lifting, it is a C°°(5)-linear application h : T{Ab) — )• ^{H). From these 
notions, we derive a couple (T>, u) where: 

• V : T{Ab) Der(/C) is a C°^(i?)-linear map with values in deriva- 
tions of /C, such that the symbol sx)^ of Va p=i,-projects onto Jj_B(a) 
for any a G T(Ab); 

• is a 2-form on Ab with values in sections of /C: € Q'^ (Ab) ®T (IC) . 
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fC^ Ae ^ Ab- 



Ae = JC®H. 
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In order to define an extension, the couple is submitted to the fol- 

lowing compatibility conditions: 

du^ = 0, 
Curvx) = ad'^ oo;. 

Here, dn ■ Q!'{Ab)(^T{A^1C) Q^+'^{Ab)®T{A^K:) is a covariant derivative 
associated to V by usual formulas and Curvx)(a,/3) := [Da^Vp] — ^^[a,/3]- 

The description of extensions we get this way lies in-betwen usual treat- 
ments for both Lie algebras and fibrations: 

Theorem. Let p : E ^ B be a submersion, K, ^ E a Lie algebroid whose 
characteristic foliation lies in Vert and As ^ B a Lie algebroid. 

Extensions of Ab by IC covering p are ( up to equivalence ) classified by 
equivalence classes of admissible couples {'D,u}) under the relation ~ 
(D',w') if there exists A G 0.^{Ab) ®T{1C) such that 

V = P + ad'^oA, 

uj' = UJ + Oh A + [AA A]/c, 

where [A A A]k; € ^^^(^b) ® r(/C) is defined by: 

[AAAk(a,/3) = [A(a),A(/3)]^. 

Besides, we explain that given a connection, parallel transport along an 
AB-path. a G P{Ab) is well defined (see subsection 12. ip and, in the case of 
a complete connection, we obtain the usual notion of holonomy along a as 
a Lie algebroid morphism 



Here, 7 : / — )• S is the base path of a. In general, $ does not factor through 
A^-homotopies unless Curvr> vanishes. Note however the relation Curvu = 
ad'^ o u) suggests that this can by measured by inner automorphisms of /C, 
this will play an important role. In any case, one can still think of <I> as a 
groupoid morphism <I> : P(Ab) Gauge(/C) where 

Gauge(/C) := {Lie algebroid morphisms '^y^x '■ K^Ie^^ — ^ ^l^y} 

and P{Ab) are both groupoids over B. 

In Section[3]we look at the cohomology of an extension. There is a natural 
filtration, and the choice of a connection allows a rather nice description of 
the associated spectral sequence. 

The Section S] is devoted to the description of the Weinstein groupoid 
g{AE). We obtain ^(^e) as a quotient of P{Ab) x ^(/C). Here 
acts on G{)C) by means of holonomy, and ^(^1^) x corresponds to an 

associated groupoid over E. The precise statement is given by Theorem 23) 

Theorem. Consider a Lie algebroid extension IC ^ Ae ^ Ab endowed 
with a Ehresmann connection Ae = 1C®H , which we assume to be complete. 

Then the topological source simply connected groupoid Q{Ae) integrating 
Ae is naturally identified with the quotient 

P{Ab) ^BQ{K)h, 
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where the equivalence relation is given by: (aO) 5'o)~(q^1) ^i) if Oi'^d only if 
there exists a As-homotopy hs = adt + bde : TP ^ Ab between oq and ai 
such that: 

91 ■ = d{hB,t{go)). 
Here, d{hB,xo) is the element in G{IC) represented by the fC-path: 

/ {^l%)*{^{a,b)s,e)ds 
Jo 

where := (p^} o (/)„o^(xo). 

In general, the sequence of topological groupoids 

I ^ g{ic) ^ g{AE) ^ GiAs) ^ I. 

obtained by integration of a Lie algebroid extension might not be exact. 
In order to measure this lack of exactness, we denote M the monodromy 
groupoid of the extension. It is defined as the kernel of 1. In the case 
there exists a complete Ehresmann connection, we can build a connecting 
homomorphism whose image is precisely A4 , similarly to what is well known 
for fibrations: 

Theorem. Let KL ^ Ae ^ Ab be a Lie algebroid extension that admits a 
complete Ehresmann connection. Then there exists a homomorphism 

d2 : tt2{Ab) P<BE^g{JC), 

that makes the following sequence exact: 

— > tt2{Ab) ke% g{K) A g{AE) ^ g{AB). 

Here, it2{Ab) denote the second homotopy groups of Ab, as defined in 
the Appendix O In the case is integrable, it coincides with the union of 
all second homotopy groups of the source fibers, seen as a bundle of groups 
over B. In this work we do not try to put any topology on 'K2{-^b) whose 
role is essentially algebraic. 

The interest of the monodromy groupoid Ad lies in the fact that it controls 
the integrability oi Ae in the case of clean extensions. By clean, we mean by 
definition that the restrictions of vr to the isotropy Lie algebras oi Ae surject 
onto those oi Ab- This implies that, pointwise, one has exact sequences of 
Lie algebras 

(kerft^)^ ^ (kerti£)a; ^ (ker {1^)^(2.). 
In this case, we show that Ae is integrable provided Ab and K, are, and if 
AA is discrete near identities (see 14.171 for the precise definition). 

Theorem. Let K, ^ Ae ^ Ab be a clean Lie algebroid extension. Assume 

that it admits a complete Ehresmann connection and that both K, and Ab 
are integrable Lie algebroids. 

Then Ae is integrable if M. is discrete near identities in g{JC). 

Acknowledgments. I would like to thank Rui Loja Fernandes for the 
many useful discussions and suggestions that helped to improve this work. 
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1. Generalities on Lie algebroids 

We first briefly recall basic definitions concerning Lie algebroids [16] and 
refer to [3], [13] for more details. 

Definition 1.1. A Lie algebroid ^ ^ M is a vector bundle A over a 
smooth manifold M, together with vector bundle homomorphism : A ^ 
TM called the anchor, and a bracket [ , ]a defined on the space T{A) of 
sections of A such that for any smooth function / € C°^(M) and any section 
a,/? E r(A) of A, the following conditions hold 

i) [a,//3U = /[a,/3U + (/)/3; 

ii) [a,l3]A = -[l3,a]A; 

iii) tt([a,/?]A) = [«(«), tt(/3)]TM; 

iv) I [[a,/3]^,7]^ = 0. 

In other words, the bracket [ , ]a induces a structure of real Lie algebra on 
sections of A such that the Leibniz condition ^ holds and ft is a Lie algebra 
homomorphism from r(^) to X(M) := T{TM). 

The cohomology associated to a Lie algebroid is defined on the complex 
of cochains := T{A^A*) which we might also denote Q''{A) (or Q''{M) 
for short when A = TM). The differential operator is given by the usual 
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formula 

(1) (dAC, ao • • • Oik) := ^ (-1)* C^a, {c, ao . . . di . . . at) 

i=0...n 

+ ^ {-iy'^^{c,[ai,aj\A-,aQ...di...dj...ak). 

0<i<j<k 

Definition 1.2. Given two Lie algebroids Am M and tIat — t- A^, a Lie 
algebroid homomorphism <I> : Am — > ^tv over (p : M ^ N is a vector 
bundle homomorphism <I> covering (j) such that the map induced on forms: 

: n\AN) ^ n\AM), 

defined by (<I>*(u),a) = (U(^(m), <I>(a)), commutes with the differential: 

When (p is a diffeomorphism, we shall denote : r(^) — > T(A) the 
application induced on sections, := $ o a o cp'^. See for instance [12] 

for a detailed discussion on Lie algebroid morphisms. 

Recall that the isotropy at a point x G M is defined as the kernel of the 
anchor, q-^ := ker '^x- It is naturally endowed with a structure of Lie algebra. 
In general, the dimension of the isotropy algebra may vary from one point 
to another, so all isotropics do not fit in a smooth bundle of Lie algebras in 
general. 

1.1. Derivations. 

Definition 1.3. A derivation of a Lie algebroid ^ — t- M is an application 

D : r{A) T{A), 

together with a vector field s/j G X{M) (called the symbol of the derivation) 
satisfying for any smooth function / G C°^(M) and any two sections of A 
a,/3 £ T{A) 

D{fa) = fD{a) + SD{f)a, 

Di[a,P]A) = [D{a),/3]A + [a,D{(3)]A, 

tt(I?(a)) = [sz),tt(a)]TAf- 

A derivation is the infinitesimal version of a Lie algebroid automorphism: 
any derivation determines a vector field on A whose flow is a Lie algebroid 
automorphism et vice versa (see for instance the appendix in [6]). We will 
denote Der(^) the space of all derivations, it has a natural structure of Lie 
algebra, whose bracket is given by the commutator [Di,D2] = D\ o D2 — 
D20D1. 

Definition 1.4. An inner derivation is a derivation of the form D{a) = 
[5,Oi\A for some smooth section 6 £ ^(A), in which case we will write D = 
adj. 

There are obvious notions of time-dependent derivations and inner deriva- 
tions, corresponding to which we get time-dependent vector fields on A. 
In particular, given a time-dependent section a* G r(^), we shall denote 
■0f s '■ A ^ A the flow on A associated to ad^t • 
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1.2. Extensions of Lie algebroids. The notion of extension we will use 
in this work is summarized below. 

Definition 1.5. An extension of a Lie algebroid Ab is a surjective Lie 
algebroid morphism ir : Ae ^ Ab covering a surjective submersion p : E 
B. 

With this definition, /C := ker vr is a smooth sub- vector bundle of ^4^; 
that, as proven below, turns out to be a Lie sub-algebroid of Ae- Thus, we 
obtain an exact sequence of Lie algebroids: 

Ae ^ Ab- 

We shall refer to as an extension of by fC. As generic notations, we 
will write tJs : -> TE, tts : ^ TB, ]^/c: IC^TE and [ , ]aeA^ ]Ab, 
[ , jic the respective anchors and brackets. The isotropy algebras will be 
denoted := kei{f,E)x, flf := ker(tls)6, and := ker(tJx;)a; = n /C, for 
any x e E,b e B. 

Remark 1.6. Note that the injection K. C Ae does not determine tt (not 
even p) so one should not think of as a quotient of Ae hy fC. 

Definition 1.7. Given an extension vr : Ae -» Ab, we will refer to a tt- 
projectable section fi oi Ae any section fi such that, for any form u € 
n^{AB), the contraction (vr o z^) is a basic function on E ^ B. This 
means that tt o n induces a well defined section of Ab that we will denote 
Tr{n). 

Lemma 1.8. Let fx G T{Ae) be a n-projectable section, then jie o /x is p*- 
projectable, moreover: 

P*{h{fJ')) = ttB(7r(/i)). 

Proof. Recall the condition for vr to be a Lie algebroid morphism: (Ia^ ott* = 
T^*°dAB where tt* : Q.''{A*^) Q,''{Ae) is naturally induced by tt. For A; = 0, 
this condition writes: 

{dA,o^^*{f),^i) = (tt* od^,(/),/x) (/ G C°°{B),fx G T{Ae)) 

^ (d(7r*/),tt£;(/x)) = {dA(/),7ro;x) 

^ {d{fop)4E{^i)) = {dfAB0 7^o^^) 

(d/odp,jiE(/x)) = (d/,ttB OTTO/x), 



which is d priori an equality in C°°{E). However, if we assume /U to be 
TT-projectable, the right-hand term is in fact a basic function, which implies 
that ji£(/x) p*-projects onto ttB(7r(/x)). □ 

Lemma 1.9. Let ^ V{Ae) he ir-projectable sections, then [iJ,,iy]AE is 
also projectable, moreover: 

Proof. This is an immediate consequence of the condition d^^oTr* = 7r*odAg 
TT* : Q,'' {Ab) ^ (Ae) for k = 1 and of the preceding lemma. □ 

As a consequence of the two last lemmas, we can state the following. 
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Proposition 1.10. Let ir : Ae — )• Ab be a Lie algebroid extension. Then 
K, := ker tt is a Lie algebroid on E whose characteristic foliation lies in 
Vert := ker C TE. 

In particular, if we restrict the vector bundle /C to a fiber Ex := p~^{{x}) 
over any x £ B, we obtain a nice Lie algebroid }C\e^ over Ex- 

2. Ehresmann Connections 

We now introduce a notion of connection ^ for extensions of Lie alge- 
broids. 

Definition 2.1. An Ehresmann connection on a Lie algebroid extension 
IC ^ Ae ^ Ab IS a smooth sub- vector bundle H C Ae complementary to 
fC in Ae- 

1C®H = Ae- 

We will call H the horizontal distribution of the connection. 

Clearly, such a connection always exists and there is an associated notion 
of horizontal lifting h : T{Ab) i— )• T[H): we define h{a) as the unique 
section of H that vr-projects on a. 

We might use the terminology of connection in a rather unristricted way, 
to refer either to the operator h or to the horizontal sub-bundle H. 

Definition 2.2. Given an Ehresmann connection, we define the associated 
curvature 2-forma; € VI?'{Ab)®T{'IC) (otherwise stated, all tensor products 
are to be taken over the commutative ring C°°{B)) by the following formula: 

w(a,/3) := h{[a,^]As) " [Ha),hmA^- 

The fact that u takes values in r(/C) is a direct consequence of lemma 
ll.9[ A connection also determines a C°°(i?)-linear application D : T(Ab) — )• 
Der(/C) defined by: 

V^k) := [h{a),K]AE- 

More precisely for any sections a, /3 G T{Ab), any function g € C^{B) and 
any sections k, ki, ^2 G r(/C): 

(2) V^ + Vp = V^+p, 

(3) 'Dg,a = g-Va, 

(4) K2]/c) = ['DaiKi),K2]lC + [Kl,'DaiK2)]K, 

(5) tti^(^a(K)) = [sVc,iAtE- 

Here, the first two equalities express the C°°(i?)-linearity of V; equality 
([2]) is clear and ^ follows from Proposition ll.lOi The last two equations 
express the fact that V has values in derivations of /C: equation (jH) is a 
consequence of Jacobi identity (jiv|) and ([5]) follows from (jm]) in Definition 

As a derivation of /C, each naturally extends to a derivation of the 
graded algebra r(A^/C) of multi-sections of /C: 

VaiKi A ■ ■ ■ A Kk) ■-= ^ Ki A-- - AVaiKi) A-- - AKk, (k, G r(/C)), 
i=l...k 
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and by duality to multi-sections of Q''{JC): 

{VaO, k) := CsT,^ {0, - {6, VaK), {9 en''{IC), KG r(A'=/C)) . 

The covariant differential associated to V will be denoted dn '■ ^''{Ab) ® 
r(A'/C) Q^^^{Ab) (8)r(A'/C) to fit with classical notations (note however 
that it is related to D rather than H since two different horizontal distribu- 
tions can induce the same derivations). It is given by the usual formula: 

(6) dnO (ao . . . Ofc) := ^ {-lyVa,^ 9{aQ ...di...ak) 

1=0. ..k 
0<i<j<k 

This exact formula can be dualized to define a covariant derivative dn '■ 
n'^iAs) (S) n^ilC) n''+^{AB) n^JC) which we will also denote Oh- 

The curvature Curvx> of T> is defined by CurvD(a, (3) := Va o P/j — Vj^ o 
Da — T^[a,l3]Ag • construction, it is related to the curvature 2-form lo by: 

(7) Curvx>(a, /?)(«;) = [a;(a, /?), k]^:. 
Moreover, w is P closed in the sense that 9//a; = 0, which writes: 

(8) i P„ a;(/3,7) -a;([a,/3]^^,7), (a, /?, 7 G r(^B)). 

It is a consequence of Jacobi identity (pv]l . 

In order not to confuse Curv© with cj we shall refer to uj as the curvature 
2-form, and to Curvx) as the curvature. 

Remark 2.3. The following fact will play an important role in this work: in 
general, T> might fail to induce an infinitesimal action of on E. However, 
it is clear in ([7]) that this failure is still controlled by /C. In other words, if we 
think of /C as a defining a homotopy theory on E, one can see an extension 
of ^5 by /C as an infinitesimal action up to homotopy. Note that this ter- 
minology corresponds to a different notion than the one of "representations 
up to homotopy" appearing for instance in [7]. 

2.1. Parallel transport. Given a connection, parallel transport along a 
small ^^-path is well defined, at least locally as we briefly explain now. 
Fix a time-dependent section a* G T{Ab)- We denote Xt^ the linear 

vector field on /C associated to V^t and <t)^ ^ its flow. It is d priori only 
defined in a neighborhood of k in /C and for t close to s. 

Now, since the application a 1— )> T>a is C°°(i?)-linear, we see that the 
restriction of to a fiber K,\Et, over some b G B only depends on a^{h). 

Moreover, by definition = ad^^^t^ so it has symbol tJ£;(^("*)) which 
we know from Lemma ll. 81 to p*-project onto (jB(a*). This implies that the 
restriction of (/>^q to K!,\Eb only depends on a*' evaluated at the point </>^f^(6) 
for t' in [0,t]. 

Thus, if a : / ^ is a jd^-path over j : I ^ B, one can extend it 
arbitrarily to a time dependent q* section of Ab and define ^>"q(k) := (pfg (k) 
where k G /C|_e^jqj. We know that it is well defined for t small enough 
(depending on k) and independent of the choice of a*. 
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Definition 2.4. An Ehresmann connection is said to be complete if, for 
any ^^-path a, ^*"o('^) ^^^^ defined for any k G ^|£;^(o) ^■^d all tel. 

For a complete connection, we obtain at time t = 1 an application: 

^1^7(0) 

called parallel transport or holonomy along a. Clearly is a Lie algebroid 
morphism. We shall denote 0a : -E'^(o) — ^ -^7(1) hase map covered by 

2.2. Admissible couples. Once fixed a connection, one can decompose 
any section of yl^' as a sum of elements of the form k + fh{a) with k, G 
r(/C),a eV[AB) and / G C°°{E) so we get an isomorphism: 

r(^£;) = r(/c) e c°°{E)®r{AB). 

The structure of Lie algebroid on is thus entirely determined by the ones 
on /C and Ab, and by the couple {T>,uj). Indeed, the brackets are given by: 

(9) [i^i^i^2]ae = ['^i.'^slx;, 

(10) [h{a),iAA^ = T^aK, 

(11) [h{a),h{P)U^ = h{[a,PUJ + cvia,P), 

and extended to arbitrary sections using Leibniz rule. The anchor is given 
by the following formulas: 

Reciprocally, once fixed a submersion p : E ^ B, a Lie algebroid /C over 
E whose characteristic foliation lies in Vert and a Lie algebroid Ab over B, 
one shall consider couples {V, 00) where: 

• V : T{Ab) — ^ Der(/C) is a C°°(5)-linear application such that the 
symbol sx>a of T>a p*-projects onto ^sict) for any a G T{Ab); 

• w is a 2-form on Ab with values in sections of /C: a; G $7^(As)®r(/C). 

Definition 2.5. The couple (P,w) is said to be admissible if dnoo = and 
Curvx) = ad'^ out. 

Under the assumption of admissibility, the formulas above define a Lie 
algebroid structure on Ae := 1C®p*Ab coming with the obvious Ehresmann 
connection. Note however that given arbitrary Lie algebroids Ab and /C, 
there might not exist an extension of Ab hy IC. 

A natural question is to ask how the choice of the connection influences our 
construction. Given two connections h and h', one can form the difference 
A := h — h' £ ^{Ab) <Si r(/C) and one easily gets the following relations: 

(12) V'^K = V^K + [A{a),K]K, 

(13) u'{a,l3) = u;{a,l3)+dHA{a,P) + [A{a),A{P)]K. 

where of course (VjCj) and (X'',a;') denote the compatible couples respec- 
tively associated to h and h'. Thus one can state the following. 
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Theorem 2.6. Let p : E ^ B be a submersion, K, ^ E a Lie algebroid 
whose characteristic foliation lies in Vert and Ab B a Lie algebroid. 

Extensions of As by fC covering p are ( up to equivalence ) classified by 
equivalence classes of admissible couples {T),uj) under the relation (P, w) ~ 
{V',uj') if there exists A G Q}{Ab) ® T{K) such that 

V' = V + ad'^ oA, 

Lo' = UJ + dnA + [A A A];c, 

where [A A A]x: € ri^(^B) ® r(/C) is defined by: 

[AAAk(a,/3) = [A(a),A(/3)];c. 

Remark 2.7. As for usual considerations concerning extensions, by equiva- 
lence of extensions, we mean an algebroid isomorphism Ae ^ A'^ such that 
the following diagram commutes: 

K ^ Ae Ab 

IC^ ^A'e^Ab. 

In a practical situation, this theorem might be of no real help for classi- 
fication. However, it gives a good intuition on how Lie algebroid extensions 
are made. 

2.3. Isotropies. For a general extension IC ^ Ae ^ Ab there is no simple 
relation between the isotropy Lie algebras 0^^^), Qx 9x x ^ E. 

In particular, these do not fit into an extension of Lie algebras in general, 
as shows example 12.151 In the next proposition we summarize a few general 
properties. 

Proposition 2.8. Let K, ^ Ae Ab be a Lie algebroid extension. Then 
the following properties hold: 
i) 7r(gf ) C 0^; 

iU) tt-Hb^) = (tti?)^HVert,); 
for any x G E, y = p{x). 

Definition 2.9. We will say that an extension is clean provided the re- 
striction of vr to surjects onto 0^(^) for any x & E. 

As easily seen, in the case of a clean extension the restriction of vr to 
induces an extension of Lie algebras: 

^ _^ „B 

Qx ^ Qx ^ Qp{x)- 

Moreover, clean extensions enjoy the following property: each orbit Oe 
of Ae fibers over an orbit Ob of Ab., the typical fiber having as connected 
components orbits of K, (this follows from (i) and {Hi) in Proposition 12. 8p . 

Once fixed an orbit Oe of Ae, one can always choose a Ehresmann con- 
nection such that h{Qy) C fo'^ ^'^^y y ^ B,x ^ p~^{y)r\OE. Note however 
that this might not be possible for all e G -E in general. 

For such a connection, the restriction of the curvature 2-form oj to sections 
of the isotropy Lie algebra bundle gj^^ takes values in Q\^^ ■ 
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2.4. Semi-direct products. 

Definition 2.10. An Lie algebroid extension will be said of semi-direct 
product type provided it admits a connection whose curvature 2-form 
vanishes: oj = 0. In particular D has no curvature as well by ([T]). Once fixed 
such a connection, we shall write Ae = Ab x fC. 

Since the curvature of V vanishes, the holonomy along an A^-path de- 
pends only on its ^s-homotopy class. This follows from the fact that 
T> : T{Ab) — > Der(/C) is a Lie algebra morphism and can be proved using 
arguments similar to those in the proof of proposition lA.il (see also equation 

m)- 

2.5. Abelian Extensions. 

Definition 2.11. An abelian extension is an extension whose kernel /C 
is a bundle of abelian Lie algebras over E. 

If one fixes a connection, because of condition ([7]), we have an action 
oi Ab on E ^ plus a representation of the associated action algebroid 
Ab ^ E oTi IC. Note however that Ab tx /C and Ae may differ in general since 
the curvature 2-form uj might not vanish. In practice, this means that one 
gets the bracket on Ab k /C by the one on Ae by simply deleting the term 
involving oo in ()lip . 

In the case E = B, then /C is a representation oi Ab', the curvature 2-form 
is submitted to the only condition ([8]) which exactly means that it is a closed 
form on Ab with values in the representation /C. In the Theorem 12.61 the 
bracket [ , ]ac vanishes, so it is easily seen that only the cohomology class of 
cj determines the extension up to equivalence. In particular, it vanishes if 
and only if the extension is of semi-direct product type. 

Definition 2.12. A central extension is an abelian extension with E = B, 
and IC the trivial bundle of abelian Lie algebras over B, IC = M" x B on 
which Ab acts trivially. 

To be more precise, the condition that Ab acts trivially means that = 
^tts (a) ^ where we see a section of /C as an application k : B ^ W^. 

The only condition on the curvature form lo in order to define an extension 
is to be dyi-closed. Therefore central extensions on Ab are in one to one 
correspondence with closed 2-form with values in M". 

We shall refer to (8J for a nice account of such constructions in the context 
of Poisson and Jacobi manifolds. 

2.6. Examples. 

Example 2.13. Extensions of Lie algebras. When both E and B are re- 
duced to a point, E = B = {*}, both Ae and Ab are Lie algebras, and we 
have an extension of Lie algebras. In that case, the notions of abelian and 
central extensions coincide with the usual ones. 

Example 2.14. Submersions. A submersion p : E B realizes TE as an 
extension of TB by the vertical bundle: Vert ^ TE TB. 
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Example 2.15. Infinitesimal Actions. Consider an infinitesimal action of 
a Lie algebra g on a smooth manifold M that is a Lie algebra morphism 

— 7> X(M); we denote g k M the corresponding action algebroid. Then 
one gets an extension by taking E := M , Ae '■= Q t< M and Ab = Q seen 
as an algebroid over a point B = {*}. In that case, the kernel is trivial 
fC = E X {0} and there is a canonically defined Ehresmann connection. In 
fact one can define an infinitesimal action as an extension of a Lie algebra 
with trivial kernel. 

More generally, given an algebroid Ab B and an action of Ab on a 
fibration E B, the associated action algebroid Ab^E — )• is an extension 

01 Ab with vanishing kernel: IC = E x {0}. Reciprocally, an extension of an 
algebroid A b with vanishing kernel /C is naturally associated to an action of 
Ab on E. 

In this situation, one can also form the semi-direct product Ab x Vert 
E, which is an extension of ^4^ by Vert := kerp^, C TE. See jl4j for more 
details. 

Example 2.16. Pull-back Lie algebroids. Given a submersion E ^ B and 
an algebroid Ab ^ B over B, the pull-back algebroid pIAb is defined by: 

ttIAb := {{X,a) eTEx Ab/p,X = ^a}. 

Clearly, the projection on the second factor vr : p\Ab Ab is a, surjective 
algebroid morphism with kernel IC = Vert, where Vert C TE denotes the 
vertical bundle: Vert := kerp*. A connection amounts to a partially de- 
fined connection on Im{js, one can for instance choose a usual Ehresman 
connection on E ^ B and compose it with (J^. 

Example 2.17. Fibered Lie algebroids. In the case of an extension /C ^ 
Ae ^ Ab where Ab = {0} x B, Ae coincides with /C which stands as a 
fibered Lie algebroid over p : E ^ B. 

Example 2.18. Extension by bundles of Lie algebras. In the case of an 
extension K, ^ Ae ^ Ab where E and B do coincide: E = B, it is easily 
seen that IC has vanishing anchor so it is a bundle of Lie algebras. 

Example 2.19. The Atiyah exact sequence. A transitive Lie algebroid A 
B naturally fits into an extension of Ab = TB. Here, B = E and the 
projection tt is given by the anchor vr = jj. Then IC := kerJJ is a bundle of 
Lie algebras. An Ehresmann connection is then just a section of the anchor, 
and the corresponding curvature 2-form is an element w S Q'^{B) (8)r(ker jj). 

A regular Lie algebroid A B with foliation F C TB can be treated 
similarly as an extension of F by a bundle of Lie algebras. 

Example 2.20. Neighborhood of an orbit. The following is a straightfor- 
ward adaptation of the construction in [18j. 

Consider an algebroid Ae ^ E, and let B denote one of its orbits. Assume 
B admits a tubular neighborhood so that, up to a shrinking of E, one is 
given a smooth submersion p : E ^ B, as usual we denote Vert := ker p*. 

Since along B we have TbE = Vert|B ©Imtje, the following still holds 
in a whole neighborhood of B: TE = Vert + Im ^e- Thus, shrinking E if 
necessary, one obtains one obtains a surjective bundle map Ae ^ TB by 
compositing with '^e- It is clearly an algebroid morphism since both 
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and (je are. In that case, fC is just the transverse Lie algebroid for each fiber 
of the projection. 

Example 2.21. Extensions of tangent bundles Here is a rather general 
procedure to obtain an extension of a tangent bundle Ab = TB, directly 
inspired by the so-called Yang-Mills-Higgs settings for coupling Dirac struc- 
tures, see for instance |19j . [1] and references therein. 

Consider a G-principal bundle P B, and an inner action of a group G 
on an algebroid Ap ^ F. By definition, this means that we are given an 
action p : G ^ Aut{Ap) of G on Ap by Lie algebroid automorphisms, and 
a G-equi variant algebroid morphism: 

^ : Q t< F ^ Ap, 

such that the derivation ad^^^^ has infinitesimal generator ^Pexp t^- 

Then we can build an extension of TB as follows: fix a principal connec- 
tion 6 on P, then we can use parallel transport to obtain a derivation of the 
fibered Lie algebroid fC := P xq Ap: 

V : ^Der (/C). 

Define now uj G 17^(5) (8) r(/C) by the following formula: 

u{X, Y) :={PXG ^) {CmMX, Y)) , 

where Curvg : Cl'^{B) (8) r(P xg s) denotes the curvature of as a principal 
connection, and P t<G ip denotes the fibered map: 

P Xg ^p : P Xg Q ^ P Xg Ap = }C. 

It is easily checked that induces an extension of TB by )C whose 

isomorphism class is independent of the choice of 9. 

In such a situation, it is possible to work out "by hands" a concrete 
description of the integrating groupoid, involving only Q(Ap) and bundles 
associated to P. This will be explained in a separate work [2] 

3. COHOMOLOGY 

In this section, we describe a spectral sequence converging to the coho- 
mology of an extension. By choosing a connection, we obtain formulas for 
the successive coboundary operators, which we believe makes it easier to 
understand. A short example is then discussed. 

3.1. The spectral sequence. Given an extension IC ^ Ap ^ Ab, there 
is a natural filtration of the complex of cochains := Q^{Ap): 

=: FoC'' D • • • D F.C'' D F.+iC'^ D • • • D Ffe+iC'^ := {0}, 

where the generic generic term is defined as follows: 

FgC^ := {a e n\AE),i^a = "iv £ T{A''''^+^JC)} . 

Since this filtration is bounded, one gets a spectral sequence converging to 
H'(Ae) by the usual construction. The only thing one actually has to check 
is that dA^iFqC^) C FqC^'^^ which we will leave to the reader (it also can 
be seen as a consequence of next proposition). 
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Remark 3.1. We emphasize the change of notations here: up to now, we used 
Greek letters to denote sections of the different algebroids and Latin ones 
for vector fields. In this section, Greek letters will be used to denote /c-forms 
on Lie algebroids while latine capitals will be used to refer to multi-section 
of algebroids, as we think of them as generalized multi-vector fields. 

Let us choose an Ehresmann connection (fixed once for all) and recall 
the identification r{AE) = C°°(£;) (g) r(AB) r(/C) induced by the splitting 
Ae = K:®H. Dually one has J)(^e) = n{AB)®C'^{E) fi(/C). Extending 
this principle to multi- forms on ^l^;, one gets an isomorphism: 

(14) n\AE)= ^p{Ab)(^^'^{1C), 

p+q=k 

where the projection 9^''^ of some G Q,^{Ae) on Up{Ab) ri'^(/C) is given 
by the following formula: 

(15) {0P''1{VI . . . Vp),Wl ...Wq) = {Q,h{vi) . . . h{Vp),Wl . . . Wq), 

where Vi G '^{AB)-,Wi G r(/C). The reason why this identification is particu- 
larly suiting for our purposes is that the filtration FqC^ comes as successive 
truncations: 

FqC^= OP(^b)0O'=-p(/C). 

q<p<k 

In particular we have El''^ := FgCP+y Fq+iCP+'' = ^^(^5) J]«'(/C). In 
next proposition, we decompose the co-differential operator cIae under the 
identification ()14p . this gives explicit formulas for the successive coboundary 
operators involved in the spectral sequence. 

Proposition 3.2. Let IC ^ Ae — » Ab be an extension and Ae = /C 
H a fixed Ehresmann connection. Then, under the identification the 
coboundary operator d^^ on W{A'^) decomposes as a sum d^^ = (5o,i+'5i,o+ 
62-1 where 5ij have bi-degree The restrictions of these operators to 

QP{Ab) 0^(/C) are given by the following formulas: 

{6o,ie){vi...vp) = {-irdK{e{vi...vp)), 

which is a coboundary operator naturally extending die to ^}P{Ab) 0il'^(/C); 

(16) {61,06) {vo...vp)= {-iyn,Mvi---vi---vp)) 

i=0...p 

+ ^ {-iy^^9{[vi,Vj]AB,vi...Vi...Vj ...Vp), 

0<i<j<n 

which is the covariant derivative dn associated to the Ehresmann connection 
as described in Section\^- 

{52,-ie){vo . . . Vp+i) = (-1)P+1 i-'^y^^ico{v,,v,)Oivo ...Vi...Vj ... Vp+i), 

0<i<j<P+l 

where 00 G Q'^{Ab) r(/C) is the curvature 2-form of to the connection. 

Proof Let us fix QP''^ G Op(As)01^9(/C) and denote 9 G 17p+«(^£;) the corre- 
sponding p + g- form on through the isomorphism (jl4p . By construction, 
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Q has the fohowing property: for any v € T{A^Ab) and v G T{A^Ab) with 
s + t = p + q, the evaluation (0, h{v) A v) vanishes whenever s > p or t > q. 

The different components in ^1^{Ab) (8) 0*(/C), where s + t = p + g + l, of 
d-A^Q are obtained using (fT5|) so we just have to compute (d^i^G, v Aw) for 
any v G r(AMi3), t(; G r(A*/C), then relate it to 9^'". 

Let us first express 5o,i- We choose sections wq . . . Wg of IC and vi . . .Vp 
oi Ab and compute: 



(dA^O, /i(t'i) . . . h{vp),wo ■■■Wg) 

= (-1)*^^ ^tEh(v,) (0, ^(^'l) • • • ^K) • • • HVp),Wo ...Wg) 

1=1. ..p 

+ {-ly^^e, [h{vi), h{vj)]AE,Hvi) . . . h{vi) . . . h{vj) . . . h{vp),wo ...Wg) 

l<i<j<p 

+ (-l)P Yl (-1)' ^tEW, e{h{vi) . . . h{vp),wo ...wl...wg) 

i=0...q 

0<i<j<g 

{-iy+^e{[h{v,),wj]AE,h{vi) ...h^)... h{vp),wo ...wj... Wg). 

1=1. ..p 
j=0...q 



Here, the two first terms vanish since is evaluated on g + 1 sections of 
fC, as well as the last term according to lemma 11.91 In the two remaining 
terms, it is recognized the coboundary operator for the Lie algebroid /C and 
one obtains the desired expression for 5o,i- Note that one can also write (5o,i 
as -5o,i = E(-ir id0dx;. 

We now compute 5ifi. For any sections vq . . .Vp of Ab and wi . . . Wg of JC, 
we have: 



(dAB0,^(^o) • • • h{vp),wi ...Wg) 

= Y ^ishiv,) (0, Hvo) . . . h{vi) . . . h{Vp),Wi ...Wg) 

i=0...p 

+ Y (-1)*^''(0' Mvi), h{vj)]AE,Hvo) . . . h{vi) . . . h{vj) . . . h{vp),wi ...Wg) 

0<i<j<p 

+ (-l)P Y (-1)* ^iEm (0> ^(^o) • • • h{vp),wi ...Wi...Wg) 

i=l...q 

+ Yj {-fY'^^ {&A'Wi^'Wj]AE^Hvo) . . .h{Vp),Wl . . .uTi. . .Wj . . .Wg) 

l<i<j--<q 

+(-l)P Y {-fy^^{&, [h{v,),Wj]AE,Hvo) ■ ■ ■ Hvi) ■ ■ ■ Hvp),wi ...Wj... Wg). 

1=0. ..p 
j = l...q 
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In this sum, the third and fourth terms vanish since G is evaluated on p + 1 
sections of H. Then, taking apart the first and last terms, one gets: 

XI ^^Ehivi) (0, Kvo) ■ ■ ■ Hvi) ■ ■ ■ HVp),Wi ...Wq) 

i=0...p 

J2 {-iy^HQ,T^v,wj,h{vo)...f^)...h{vp),wi...wj...Wg) 

1=0... p 
j=l...q 

= X ^tEh{v,) {0^''^{VO ■■■Vi...Vp),Wi...Wq) 

1=0... p 

+ J2 {-iy^'{0'''''{vo...'Oi...Vp),V^,wj,Wi...Wj...Wq)) 

i=0...p 
j=l...g 

= J2 (-l)'(^-. eP'1{vo...Vi...Vp),Wl...Wq). 
1=0... p 

Considering now the second term, we know that the following expression: 

(6, u;{vi, Vj), h{vQ) . . . h{vi) . . . h{vj) . . . h{vp), wi . . . Wg) 

vanishes because is evaluated on g + 1 section of /C. Since oj precisely mea- 
sures the difference uj{vi,Vj) = [h{vi), h{vj)]AE — h{[vi,Vj]AB) deduces 
that 

X (^1)*'''''(0' [h{'"i),h{'"j)]AE,Vo ...Vi...Vj ...Vp,Wi...Wq) 

0<i<j<p 

= X {-'^y^^{&,K[Vi,Vj]AB),VO---Vi---Vj ■■■Vp,Wi...Wq) 
0<i<j<p 

= X {-'^y^^{0^''^{[Vi,Vj]AB,Vo---Vi---Vj ■■■Vp),Wi...Wq). 
0<i<j<p 

So we obtain the announced formula for 5ifi. It appears to coincide with 

the covariant derivative dn associated to the connection. 

Let us now express 62-1- For any sections wi . . . Wg-i of AC and vq . . . Vp+i 
of we check that: 

(d^^e,/i(?;o) . . . h{vp+i),wi . ..Wq-i) 

= ^ {-ly £^j^h{vi){Q,h{vo) ■■■h{vi) ...h{vp+i),wi...Wq-i) 

j=0...p+l 

+ X Hvi), hivj)]AE,hivo) . . . h{vi) . . . h{vj) . . . h{vp),wi . ..Wq-i) 

0<i<j<p+l 

+ (-If +1 J2 (-1)' ^iEWi <©, Hvo) . . . hiVp+l), WL-.W}... Wq+l) 
3 = 1. ..q 

+ X (-l)'"'"-'0([^^i,^^j]AB,/l(^^o)---^(t'p+l),^^l---^^---25}...li;q_i) 

l<i<jr<lj-l 

^ (-1)^+^(6, [h{vi), WjUeMvo) ■ ■ ■ h{yi) . . . h{vp+i), wi . . .Wj . . . Wq-i). 

i=Q...p+l 
j=l...q-l 
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Here, it is easily seen that only the second term does not vanish. To deal 
with it, one notices that the expression 

{Q,h{[vi,Vj]AB), h{vo) . . . h{vi) . . . h{vj) . . . h{vp),wi . ..Wg-i) 
vanishes since @ is evaluated on p + 1 section of H, and since to precisely 
measures the difference uj{vi,Vj) = [h{vi),h{vj)]AE ~ ^(bij^jlAs) one gets 
the expression for 62,-1 stated in the proposition. 

To conclude one has to check that d^Q has no other components than 
those three mentioned in this proof, but this should be clear by what has 
been done so far. □ 

In order to keep notations meaningful, in the sequel, we will write respec- 
tively djc, dn, and d^^ rather then 5o,ii ^^1,0 and 82-1- Using the bi-graduation 
and the fact that d^^ od^^ = one easily gets the following useful formulas. 

Proposition 3.3. Under the hypothesis of proposition \3.2\ and notations 
above, the following relations holds: 

i) 9/c o (9/c = 0, 

a) die o Oh + Oh o die = 0, 

Hi) dicod^ + Oh o du + o die = 0, 

iv) Oh odui +du,odH = 0, 

v) dujod^ = 0. 

3.2. Interpretation. Let us now explain how these results can give some 
sort of geometric approach to this cohomology. Here, we will carry out the 
usual construction of a spectral sequence associated to a filtration, using 
standard notations. 

We explained already why: 

EP''^ := FPm{AEr-^yFj;f^np+'}{AE) = np{AB) ® ni{jc), 

and we have do = id (8) d/c according to the Proposition 13.21 

Now the first sheet E'f''^ of the spectral sequence can be thought of as 
forms on Ab with values in the cohomology H*{IC) of /C because: 

^ := np{AB) ® Z'^{lC)/nP{AB) B'^ilC), 

where we denoted: 

Z^ilC) := {^Gf)'?(/C) :dyc^ = 0}, 

B'i{IC) := {fi G n^JC) : fi = dicJ^}. 

The coboundary operator di on E^''' is the quotient of the map dn- Let 
us see why di o di = 0: an element in E^''^ is represented by some 9 G 
^^(b) ^ Z'i{]C) thus, using (Hi) in proposition 13.31 one has: 

which indeed represents a trivial element in E^^^''^. 

Now, in order to understand the second sheet E^''^, one shall think of 
elements in H*{IC) as sections of a vector bundle over B. This makes sense 
since H*{IC) carries a natural structure of C°°(i?)-module (this because dye 
is C°°(i?)-linear). From this point of view dn induces a representation of 
Ab on H*{IC) by setting Dx{[0]ic) ■= [dH0iX)]ic. The equality (ii) in 
proposition 13.31 ensures that D it is well defined, and the last computation 
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with p = that it is indeed a representation. Thus the second sheet £'2"^ is as 
close as one can get to a cohomology oi Ab with values in the representation 
H*{}C). 

The last sheet E^'"^ specifically involves d^j, it will be the crucial step 
distinguishing the cohomologies of two extensions with same derivative P 
but distinct curvatures forms uj,uj'. 

We stress the fact that the spaces we are dealing with here can be very 
singular. In some examples though, this construction allows to carry the 
computation of the cohomology through. Of course, this assumes a good 
knowledge of the cohomologies of ^4^ and /C. 

Example 3.4. Applying these results to an action Lie algebroid (see Ex- 
ample I2.15P , we get the well-known fact that the cohomology oi g t< M is 
the same as the Chevalley Eilenberg cohomology of 3 with values in the 
fl-module C°°(M). 

Example 3.5. In the case of a fibration E ^ B (see Example I2.14p . one 
obtains the usual Leray Serre spectral sequence, involving vertical de Rham 
cohomology on E and the de Rham cohomology of the base. 

Example 3.6. In the case of Poisson cohomology relative to a symplectic 
leaf, which is a particular case of cohomology of a transitive Lie algebroid, 
one obtains the same formula as in [TTJ. 

3.3. An example of computation. Let us present a simple but non-trivial 
example where the computation of the cohomology can be carried out. 

We consider a Poisson structure on E := M"*" x S"^ whose symplectic leaves 
are {r} x S"^ endowed with the symplectic form /wq, where / is a nowhere 
vanishing function of r G and cjq the usual symplectic form on S"^. 
Recall that these settings allow the simplest examples of non-integrable Lie 
algebroids. The associated Poisson cohomology of E was computed in [TO] , 
we shall also mention [21] for earlier work on regular Poisson structures. We 
present here an approach using extensions. 

We now set Ae = T*E = T*R+ x r*S'2, and we let p : M+ x ^ 5^ 
be projection on the second factor and vr : T*E — )• TS"^ be the composition 
of tti? with p*. Thus T*E is an extension of Ab = TS^ by /C = T*R+ x S^; 
note that forms on IC are p- vertical multi- vector fields. 

One defines an Ehresmann connection by letting: h{X) := fix^j^o- Thus 
wee see that the identification T*E = T*M"'" x T*S'^ also corresponds with 
the decomposition Ae = K,® H. The curvature form oj S 0^(i?) ® r(/C) is 
easily computed: 

u{X,Y)=ujq{X,Y)(S) fdr. 

Let us now compute the associated cohomology. The kernel /C is an 
abelian algebroid (with trivial anchor and bracket) so that d)c = 0. This 
implies ^^'^ = ^ = 9P{TB) 0''(/C). 

We now compute the coboundary operator di on E^'^ = C°°{E) and 
E^'^ = Q^{IC). Using formulas in proposition 13.21 we get: 

{dHg){X) = £xg, 
{dHg.dr){X) = {£x9)dr, 
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for any g G C°°{E). So we see that dnig) = or dnigdr) = if and only 
if g only depends on r. It follows that £^2'° £^2'^ can be identified to 

C°°(M+). 

The explicit formula for di on E^'^ = Q^{TB) C°°{E) is given by: 
{dHa){X, Y) = Cx oi{Y) - Cy oi{X) - a{[X, ¥]), {a e eI'^). 

Here a{X), a(Y), and a([X, Y]) arc function on IR"*" xS"^ but since an clement 
a of E^'" is the same as a smooth family of 1-forms on S'^ with parameter 
r, we see that dncx = if and only if it determines a family of closed forms. 
It can be made into a family of exact 1-forms because H^{S^) = {0} and 
this can be done in a smooth way with respect to r; so we conclude that 
£^2'° = {0}- For the same reason, if we use the pairing with dr to identify 
eI'^ with n^{B) (g) C°°{E), we one get the same formula for dn as above, 
thus eI'^ = {0} as well. 

2 

The same kind of reasoning applies to compute £'2 - know that in- 
tegration of 2- forms over S'^ induces an isomorphism H'^{S'^) ^ M. A du- 
closed element in El'^ = Vt^{B)®C°°{E) being the same thing as a family of 
closed 2-forms on S'^ with parameters in one sees that integration over 
with fixed parameter yields an isomorphism £^2'° — C'°°(R+) given by: 

[g.uo] I — >{r ^ g{r, )cjo)- 

For the same reasons, one gets has isomorphism E2 — C°°(M+) via 

[u;o<^gdr] 1 — > (r ^ g{r, )ujq). 

These identifications are convenient for our purposes because, as easily 
checked, the explicit formula for d2 := [d^] : -E'2'^ e"^'^ is just multiplica- 
tion by /'. Since d2 vanishes on £'2''^ (PtQ) 7^ (2, — 1) the computation 
is easily concluded. We finally obtain the Poisson cohomology of T*E as 
follows: 

H^{T*E) = C°°(M+), 
H\T*E) = {g& C~(M+), = 0}, 
H\T*E) = C°°(R+)//'.C°°(M+), 
H^{T*E) = C°°{R+). 

4. Integration 

We will here take advantage of a connection in order to describe ^^-paths 
and ^E-homotopies, obtaining an alternative description of Q(Ae)- Prom 
now on, the connection will always be assumed to be complete. 

4.1. Splitting AE-paths and A^j-homotopies. Since the essential feature 
of a Ehresmann connection is to split Ae into a direct sum 

Ae = IC(BH, 

it is natural, in order to describe Q[Ae), to try to decompose Ag-paths 
accordingly. However, for a A^-path a : I ^ Ae covering j : I ^ E, the 
corresponding decomposition is the following: 

a{t) = av{t) + h{aB{t)), 
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where as ■= n o a and ay : I — > /C. This is not satisfying because none of 
the two terms above is an A^j-path. 

Thus, it is better to consider the couple (7_B,a/<) where 

(17) aK{t):=<^^o^oav{t). 

Here : ^|£;^^(o) ^ ^l^7s(t) denotes the parallel transport along ub- 
Indeed, it is easily checked that ax is a j4£;-path over 7x(i) = ° 7(i) 
lying in E^^^^y Moreover the correspondence a o {as, ax) is clearly 1-1 
and if we assume the connection to be complete, we see that we have built 
an homeomorphism 

P{Ae)^P{Ab) kbP(/C), 

where P{Ab) x _b -P(^) denotes couples {asjCLK) G P{Ab) x P(/C) such 
that ax is a /C-path lying over 7_b(0). Recall that P{Ae) enjoys a natural 
structure of a Banach space (see [6j for more details) 

Now if we look at how concatenation in P{Ae) behaves through this 
homeomorphism, we see that the concatenation v - u of two A^j-paths u,v £ 
P{Ae) is sent to {vb • ub, ^uli'^K) • uk) where we have set: 

(18) ^ZBM{t):=^^oA°Mt). 
Thus we have proved the following: 

Proposition 4.1. (Splitting AE-paths). Let )C ^ Ae Ab be a Lie 

algehroid extension, and fix an Ehresmann connection which is assumed to 
he complete. Then there is a homeomorphism: 

P{Ae) ^ P{Ab)^bP{1C) 
a {aB,aK)- 

under which the concatenation in P{Ae) writes: 

(19) (a|, al) ■ (a|j, a]^) = (a| • a|j, '^J{al) ■ a]^). 

Remark 4.2. Let us explain the picture we have in mind: given an algebroid 
A — > M, we can think of P(^) as a "groupoid" over M: source and target are 
defined the obvious way and concatenation plays the role of multiplication. 
One also has the notions of "units" and of "inverses": lm(i) := Om, and 
a~^{t) := — a(l — t) (note however that a ■ a^^ 7^ 17(0))- Morphisms of 
"groupoids" should only commute with source, target and multiplication, 
and sent units on units, the most obvious way to obtain such a morphism 
being induced by a algebroid morphism (rather than introducing useless 
vocabulary, we just stick to "groupoids" without further precisions). 

Generalizing the notion of action introduced in Appendix[B]to "groupoids" , 
we can use the holonomy <I> : P{Ab) i-> Gauge(P(/C)) to get an action of 
P{Ab) =4 B on the fibered "groupoid" P(/C) B, and then build the 
corresponding action "groupoid" P{Ab) tx P{}C) ^ E. Then we see that 
the formula for composition is exactly the one given in the Proposition 14.11 
Thus we can think of P{Ae) as a groupoid associated to an action on a 
fibered groupoid. 

Because of the presence of curvature, there is no action of the groupoid 
Q{Ab) neither on P(/C), nor on Q{]C). However, it is still possible to describe 



EXTENSIONS OF LIE BRACKETS. 



21 



A£;-homotopies through this homeomorphism in a reasonable way, as stated 
in next proposition. 

Let us before precise a natural procedure to extend a AE-path a into a 
time-dependant section of Ae we will always implicitly use: first extend 
arbitrarily a sit) into aB{t) G T{Ab) and ay into a time-dependant section 
ay of /C C Ae- Clearly, a := h{aB{t)) + ay extends a. Moreover, axit) := 
(<I>Q^)=K(av'(t)) extends the /C-path ax defined by (fT7|) . 

Proposition 4.3. Let 6e a smooth family of AE-paths and [a'^^^a''^) the 
corresponding family in P(Ab) x P{K,) given by last proposition. 

Then a*^ defines a AE-homotopy if and only is a AB-homotopy such 
that the unique solution £ r(^) of the evolution equation: 

(20) ^-^=["^'^^]^' 
with initial condition fJ-^{e) = satisfies: 

(21) /^)^(^)7|,(i) = K^)*{'^(^B,bB)s,e)ds, Ve G /, 

Here, OBdt + ft^de : T/^ Ab is the Lie algebroid morphism induced by 
the AB-homotopy a^, and aic is extending ax as explained above. 

Proof. We first extend the smooth family of ^£;-paths a"^ into a smooth 
family of time-dependant sections a*^ as specified above: a = h{aB) + ay- 
It is easily checked that the solution (3 of the evolution equation (j33p is vr- 
projectable provided a and the initial condition are. Thus, we can write the 
solution as /? = h{PB) + Pv and use the formula for brackets Q (fTOj) ([TT]) . 
We see that the evolution equation (j33p in ^4^; is equivalent to the following 
two evolution equations 



(22) ^-^=[«^'^^]^- 



(23) V/jgiay) + -I^as(/3y) + =[ay , /3v]k: + w(aB, /3b), 

with initial conditions /3^(e) = and /3y(e) = 0. The homotopy condition 
([55]) is clearly equivalent to /3|j(e) = 0, /3y(e) = and in particular, one gets 
from ([22]) that is an homotopy in Ab- 

Let us now look at equation ([25|) : in order to get an evolution equation 

involving al-, we push- forward (j23p by means of <^q^: 



($g).(P,,(ay) + ^) - i^t^.iV^AM + "^^"^ 



(^S)* {[av,l3v]ic + uj{aB,f3B)) ■ 



Only the first term on the left-hand side of this equality is problematic, it 
will be taken care of in the next lemma. This lemma shows that (|23p holds 
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if and only if the following holds: 
d 



de 



;|K?)*(/3v^)= [(^S)*(«v'),K|)*(/^v')]^ + (<|)*(^(aB,/3B)). 



dt 

In other words, if we set 



Fe,t ■■= f {^o1)*{uj{aB,Ms,e)ds, 

Jo 



we see that ()23p holds if and only if fSx + -F is solution of equation ()20p : 

J^WK + F)-^+[aK,f3K + F]^ = 0. 

Now observe that the homotopy condition /3y(e) = holds if and only if 
/3^(e) = (here, we voluntarily omit base points). By uniqueness of the 
solution UK = /3k + F oi we see that /3^(e) = if and only if 
holds. □ 

Lemma 4.4. With the same notations as above, one has: 

+ ^) = - [F, «1)*(«y)];c- 

Proof. Consider the solution a of the following evolution equation: 

(24) ^-^ + [,(„,),,],^=0, 

with initial condition o"'^(e) = 0. We can use the same principle as in the 
proof of Proposition lA.ll to show that the flow of the time-dependant 
derivation ad^f satisfies: 



(25) < = <-o$g. 

Let us now relate a and h{f3B)- first applying h{—) to (|22p . one gets: 

— \- h[[aB,PB\AB) = 0- 

In this equality, one can subtract equation (p^ to get the following: 
(2g) d{<T - Mfe)) ^ ^j^^^^^^ ^ _ ^^^^^^ ^ u{aB,(3B). 

By applying (^g^)* ^° ^'^i^ ^^^^ equation, we obtain the desired relation 
between a and h{/3B)- 
d_ 
di' 

We now have enough material to prove the equality stated by the lemma: 
decompose the left-hand term as follows: 

dav\ /^a'i,. /r 1 day" 



(27) ^«|)*(^-^(/3b)) = {^Z)Mo^b^I^b))- 



(^S)*(i^/3b(«v)+-|^) = («>g)*([a,ay]+^)+K|).([M/3i.)-a,av]). 
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In this expression, we first check using ()25p that the first term gives ^(V'of )*{ctv] 

It is easily integrated relation ([27]) to show that the second term gives 

KMiHPB)-cT,av]) = [F,(<f)*(av')]^, 
which completes the proof. □ 

Now that we have translated the homotopy condition to a condition on 
the split paths, the theorem below follows easily from Proposition lA.li 

Theorem 4.5. Consider a Lie algebroid extension K ^ Ae — » ^_b, en- 
dowed with a Ehresmann connection Ae = fC (B H , which we assume to be 
complete. 

Then the topological source simply connected groupoid Q[Ae) integrating 
Ae is naturally identified with the quotient 

P{Ab) XBa(/C)/~ 

where the equivalence relation is given by: {aQ,go) ~ (ai,gi) if and only if 
there exists a Ab -homotopy hs = adt + bde : TI^ ^ Ab between cq and ai 
such that: 

91 ■9o'^ = d{hB,t{go)). 
Here, d{hB,xo) is the element in ^(/C) represented by the IC-path: 

(28) e ^ ($g), (oj{a, &),,,) ds G /C, 

where 7^ := o (p^ojxo). 

Example 4.6. In the case of central extensions, Theorem 14.51 reduces to a 
result due to Crainic in a Lie algebroid approach to prequantization [3] , see 
also [8] in the context of Poisson and Jacobi manifolds. Recall that E = B 
and /C := x is a bundle of abelian Lie algebras on which Ab acts 
trivially, while w is a dyi-closed 2-form on Ab with values in W^. 

Then for any A^-path as covering 7^, the holonomy <I>a^ : K,^g(Q) — 5- 
/C^^(i) is trivial: <&as('^, 7b(0)) = (r,7B(l)). Moreover G{K,) is identified 
with the bundle of abelian Lie groups B x M" by averaging /C-paths. This 
process makes appear a second integral in the formula ()28p and the homotopy 
condition reads as follows: two elements (aO)5o) ^-nd (ai,(7i) in M" x P[Ab) 
are homotopic if and only if there exists a ^^-homotopy 7^ : T/^ ^ Ab 
between 70 and 71 such that: 



^IK 1 



91-90= ^■ 



I 



The Theorem 14.51 might be seen as a non abelian generalization of this 
result. 
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Remark 4.7. There is an obvious way to concatenate two As-homotopies 
h = adt + bde,h = adt + Me such that /i"^^^ = h"^^^. This amounts to 
concatenate two algebroid morphisms TI^ Ab along the edges {e = 1} 
and {e = 0} of two copies of P. 

To do this properly, one needs to reparametrize in the e variable in order 
to make sure the concatenation is smooth (on the way one sees that it is 
enough to assume that a^=i = d\^=o to be able to concatenate). We leave the 
details to the reader since the construction is a straightforward adaptation 
of the concatenation for yl-paths as given in [6]. 

Then it is not hard to see that the operator d defined in the theorem 
satisfies by construction: 

d{h ■h) = dh- dh. 

This suggests one should think of A-homotopies as a "groupoid" over P{A). 
In fact A-homotopies modded out by higher homotopies (so that the concate- 
nation is associative) form a Banach groupoid over P{A), and this groupoid 
presents a finite dimensional differentiable stack Q{A). As shown in |17j . 
Q{A) is itself again a stacky groupoid with the same base as A and it is in 
the sense of differentiable stacks the universal integrating object of A. 

Remark 4.8. The reader might be surprised that the formula ()28p does not 
involve the values of a;(a, b)s,e at the base points 7*^(5) but at (7*^(1) ). Let 
us explain this fact: for each e, there is an j4£;-homotopy between a*^ and the 
concatenation /i(ag) • (this can be proved using Proposition lA.ip . Here 
/i(a^) is the only horizontal A^j-path over that can be concatenated with 
that is, h{aB) has base path s 4's'^o{1k{^)) which precisely coincides 
with (/>^\(7^(1)) by construction. 

Thus we see that the homotopy condition we get in Theorem 14. 51 relies on 
the representatives up to Ag-homotopy /i(a^) ■ of a*^, rather than on 
itself. 

4.2. The Monodromy Groupoid. We now turn to the study of the se- 
quence of group oids 

(29) 1 ^ g{]C) 4 g{AE) A g{AB) ^ i. 

obtained by integration (see |14] . |15j ) of a Lie algebroid extension 

(30) IC^ Ae ^ Ab. 

Recall that Z and tt are defined at the level of paths, as follows: 
i^i[aK]K.) ■= [ioaxjAE, 

for any dx G -P(^)) and a € P{A). Our aim in this section is to see why the 
sequence of group oids (|29p might not be exact in general. In other words, 
we want to explain the lack of exactness of the integration functor. We start 
by showing that vf is surjective provided there is a complete Ehresmann 
connection. 

Proposition 4.9. Let K, ^ Ae ^ Ab he a Lie algebroid extension that 
admits a complete Ehresmann connection. Then the sequence of groupoids 
is exact at Q{Ab). 
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Proof. We have to prove that tt is surjective. Given any As-path as S 
P{Ab) covering 7^ in one extends as into a time-dependant section as 
oi Ab, and consider it horizontal hft h{aB)- Pick an arbitrary point cq in 
the fiber over 7_b(0), then clearly a{t) := h{aB)^°-Bf^^^-^ defines a ^d^-path 

that projects onto qb- Completeness of the Ehresmann connection insures 
us that a is well defined for all t £ I. □ 

Remark 4.10. We stress the fact that completeness is needed in order to 
ensure surjectivity, otherwise one might only get a quasi-surjective morphism 
in the sense that for any x G Q{Ab), there exists gi, ■ ■ ■ ,gn £ G{Ae) such 
that the composition TT{gi) ■ ■ ■ TT{gn) = x. In general though, the gis might 
not be chosen to be composable, as the following examples from |20j show. 

Example 4.11. (Stairway To Heaven). Consider E = {(x,y) 
Z, X g]2/ — 1, y + 1[ }, it is a smooth submanifold of R^, and the projection 
on the first factor is a submersion onto := R. Thus one gets a well de- 
fined algebroid morphism TE — )• TB, that comes with a unique Ehresmann 
connection. It is easily seen that the induced groupoid morphism is only 
quasi-surjective. 

Example 4.12. (Highway To Hell). Consider now on = R^ the integrable 
regular foliation F C TE spanned by dx—exp{y)dy. Denote p the projection 
on the first factor. The restriction of dp to the Lie algebroid Ae := T 
defines a surjective Lie algebroid morphism onto Ab ■= TB — > i3 := R. 
Again, we have a (unique) Ehresmann connection which is not complete: 
h{dx) = dx — exp{y)dy. Lie algebroid morphism dpi^jr only integrates into 
a quasi-surjective Lie groupoid morphism. 

Proposition 4.13. Let JC ^ Ae ^ Ab be a Lie algebroid extension that 
admits a complete Ehresmann connection. Then the sequence of groupoids 
(2^1 is exact at Q{Ae). 

Proof. By definition, elements in ker tt are represented by ^£;-paths whose 
projection on ^4^ is homotopic to a trivial path. In particular, an element 
of the form i o ok projects onto a trivial AB-paXh. since vr o i o ok = 0. Thus 
we have Im I C ker vf in a (very) trivial way. 

Conversely, consider any element of ker tt represented by some A^j-path 
a, and extend a into a time-dependant section a as prescribed in last section. 
With the same notations, we get an identification a = [ax^o-B) where, by 
assumption as is homotopic to a trivial path by means of some homotopy 
Hb = aBdt + ftfide : TL^ Ab. 

One extends 6^ into a family of time-dependant sections 13b of Ab such 
that /3B\t=o,i = 0- Thus, if we let a*^ be the solution of the evolution equa- 
tion ^ — = [a,h{l3B)] with initial condition a"^^^ := a, we get a 
A^-homotopy (a^,a^). By construction (a)^,a^) = (a]^,0) which clearly 
represents an element in Im l. Thus we have shown that any element of 
ker TT is represented by a j4£;-path of the form {ok, Ox), thus it is an element 
of Im 1. □ 

We now see that, when there is a complete connection, the lack of ex- 
actness in the sequence [29] can only occur at G{IC). This means that G{IC) 
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might not inject into Q{Ae)- In order to measure this, we introduce the 
fohowing. 

Definition 4.14. We will call monodromy groupoid the kernel of I, and 
denote it 7W. 

We obtain by construction an exact sequence of groupoids: 

(31) 1 -> 7W -> g{IC) ker # -> 1. 

The next theorem explains how Ai is involved in the homotopy theories 
of Ae, Ab and /C. In fact, it is the image of a connecting morphism 82 '■ 
t^2{^b) X bE g{K,), where vr2(^_B) denote the homotopy classes of spheres 
in Ab: 

Theorem 4.15. Let IC ^ Ae ^ Ab be a Lie algebroid extension that ad- 
mits a complete Ehresmann connection. Then there exists a homomorphism 

52 : ^2(^5) ^BE^g{JC), 
that makes the following sequence exact: 

— > 7r2{AB) g{)c) A g{AE) ^ g{AB) 

Proof. The boundary map 82 can be constructed directly as follows: consider 
an element xq in E, bo its projection onto B, and sb a ^^-sphere based at 
60 i-e. an algebroid morphism sb = a^dt + ftfide : L x I ^ B satisfying 
(iB\e=o,i = 0) bB\t=o,i = (see the appendix 

Choose any family /3g of time-dependant sections oi Ab extending 6^, 
chosen such that /S^*^ = = 0. Thus, the unique solution of the evo- 
lution equation ckJab = ^^(/5-b)~^Q^ with initial condition a*^^" = 
induces at time e = 1 a /C-path starting at xq, which is homotopic (as a Ae- 
path) to the trivial path Oxg by construction. It is easily seen using the 
construction in the proof of Proposition 14.31 that is a /C-path. 

One defines d2{hB,xo) to be the /C-homotopy class of a^. Clearly, 52(/ib, xq) 
has source and target xq, so it is an element in the isotropy g{IC)xo. 

We now show that d{hB,xo) only depends on the homotopy class of sb- 
Consider an homotopy of ^^-spheres : TL^ — )• Ab,u € / between two 
spheres s^'^ and s"^^; we just do the same construction as above with u 
as a parameter: we extend 6^ into a smooth family of sections of ^4^ 
vanishing whenever t = 0,1 and we let a^''^(t) be the unique solution of 

d.a-£h{(3B) = [hi/3B),a]^^, 

with initial condition a|e=o = 0- We let a^^~ the corresponding /C-path. 

We now want to define a /C-homotopy between a^^'*^"^ and a^^'''~^ . For 
this, we consider the unique solution of the evolution equation: 

with initial condition 0|e=o = 0- We know from the Lemma IC.61 that 6 also 
satisfies: 

dO da 

and that Ou^q x = so it gives the desired homotopy. 
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To complete the proof, one only needs to apply theorem 14.51 to see that 
every element in A4 is obtained this way. □ 

Remark 4.16. The operator defined above clearly coincides with the one 
defined in Theorem 14.51 applied to ^-spheres. In fact, the arguments in 
the proof above show that d{h) = d{h) provided h and h are equivalent 
homotopies between two fixed ^^-paths and a^. By equivalent ho- 
motopies, we mean by definition that there exists a Lie algebroid mor- 
phism h = adt + bde + cdu : TI^ A with O|„=odt + &|ti=ode = h, 
a|tt=idt + 6|u=ide = h and satisfying c = whenever e or t is in {0, 1}. 

4.3. Integrability. The analogy between the monodromy groupoid described 
above and the monodromy groups of a Lie algebroid as constructed in [B] 
is clear. In fact it is easily seen that they do coincide in the case of Atiyah 
exact sequences. Also, when E \s & tubular neighborhood of an orbit B of 
Ae (see Example 12. 20p . the restriction of the monodromy groupoid M to B 
coincides with the monodromy (bundle of) groups along B by construction. 

Just like monodromy groups control the integrability of a Lie algebroid 
([6]), in the case of clean extensions (see the Definition 12.91 ) the monodromy 
groupoid controls the integrability Ae- 

Definition 4.17. we will say that M is discrete near identities if, for any 
sequence {gn)n C M. converging to an identity Ix in Q{JC), we have gn = la;„ 
for n big enough. 

Theorem 4.18. Let /C ^ Ae — » Ab be a clean Lie algebroid extension. 
Assume that it admits a complete Ehresmann connection and that both K, 
and Ab are integrable Lie algebroids. 

Then Ae is integrable if M is discrete near identities in Q{1C). 

Proof. For a generic Lie algebroid A — )• M, we denote: 

'■= {[g\ G G{Qx)^ § is A-homotopic to a trivial path}, 
where g € P{Qx) x G M . According to [6] we have an exact sequence: 

^(0^) - 

Moreover, any element in Mx{A) can be represented by an element in Z{q^), 
seen as a constant path (here, Z(ker [|^^.) denotes the center of the isotropy 
algebra at x). With these settings, integrability is equivalent to the 
following condition: 

For any sequence {[vn]) in Af^ represented by constant paths Vn G 
Z{keT ^Axn) ^^^^ converges to a trivial path Ox in P[A), one neces- 
sarily has Vn = Ox„ for n big enough. 

So let {[vn]) C Mx^ be a sequence where Vn G ^(g;^^) converges to a trivial 
path: Vn — > 0^. for some x E. For each n, one can draw the following 
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commutative diagram: 




G{JC) 








■n 



TV 








where y„ := p{xn) G B. As explained above all lines are exact. The middle 
column is not exact but we still have Im I = kervf. 

Now consider the sequence of ^s-paths 7r(un) in g^^. The restriction of 
TT to Z(g;^^) is easily seen to induce an exact sequence 



Thus 7f([f„]) = [7r(t;„)] is a sequence in M^_^ with 7r(?;„) G Z(kerjJ^^^^) 
converging to Oj^„ . Since is integrable, this implies that '^{vn) = for 
n big enough. So we see in ([32]) that Vn G Z(g^^) and converges to Ox^- 
By construction, we have [vn]K. £ and converges to the identity l^. in 
Q{1C). The discreteness assumption on AA implies that [vn\K. = for n 
big enough. Thus [u^] G A/"^ with ti„ G Z(g^^) converging to Ox- We can 
conclude that Vn = for n big enough because K, is integrable. □ 

Appendix A. The Weinstein groupoid and j4-homotopies 

Let ^ ^ M be a Lie algebroid. We recall the construction of the Wein- 
stein groupoid Q{A) (see [6] or [3] for an alternative approach in the Poisson 
case). This is a topological groupoid, with source 1-connected fibers, which 
morally integrates A. Indeed, A is integrable if and only if Q{A) is smooth 
and in this case A{Q{A)) is canonically isomorphic to A. 

We will denote by P{A) the space of j4-paths (up to reparametrization) . 
By setting s(a) = p^oa(O) and t{a) = pA°o-{^), we shall think of P{A) ^ M 
as an infinite dimensional groupoid with multiplication given by concatena- 
tion (though units are not well defined). On the groupoid P{A) there is an 
equivalence relation ~, called j4-homotopy, which preserves products, and 
one sets: 



The homotopy class of an A-path a will be denoted [a] a or [a] when no 
confusion seems possible. Let us recall how j4-homotopies are defined since 
this will be essential later. Suppose we are given a'^(t), a time dependent 
family of sections of A depending on a parameter e G / := [0, 1], and /3°(e) a 
time dependent section of A. Then there exists a unique solution j3 = /3*(e) 
of the following evolution equation: 



(32) 



Z(0^J Z(0fj - Z 



g{A) := P{A)/ 



(33) 



da df3 
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with initial condition /3'^(e). In fact, it is easily checked that the following 
integral formula provides a solution: 



Here V'" denotes the flow of the time-dependant linear vector field on A, 
associated to the derivation [a'^, —] of sections of A (see the appendix in [6] 
for more details). We emphasize the use of the indices and parameters in 
the notation: we think of a as an e-family of t-time dependent sections of 
A, while we think of /3 as a t- family of e-time dependent sections of A (see 
why below). 

The notion of A-homotopy is defined as follows. A family : I A, e E 
/ of ^d-paths, over : I B is called a homotopy if 7e(0) in independent 
of e, and if the unique solution /3 of equation (f33|) with initial condition 
/3°(e) = satisfies: 



Here, denotes any family of time-dependant sections of A extending a, 
that is, such that o^£(()(i) = a'^{t). One checks that this definition is indepen- 
dent of the choice of a (see [6] ) . We will refer to ([35]) as the /lomotopy con- 
dition. Note that, if some is fixed, and we are given /3 with fi^ = = 0, 
then equation ()33p can also be considered as an evolution equation for a, 
which turns out to induce an homotopy. 

The reason why we consider the evolution equation (|33p with non- vanishing 
initial condition is that this also leads to j4-homotopies, as we now explain. 
Set X = (ja and Y = jJ/3, so that X'' and are families of time dependent 
vector fields on M (which obviously satisfy an evolution equation in the 
algebroid TM). As the proof of next proposition shows, this forces their 
time-dependant fiows (p^Q , to be related as follows: 

(36) ^foO<„«=<*o^^,^ 

In particular, if we denote by j^it) any of these two equivalent expressions 
applied to some mo G M, we obtain two families of A-paths a'' and 6*, 
defined by a^{t) := a'^ (1)^(1) aiid 6* : e i->- /3*(e)^E(j). We have: 

Proposition A.l. For any couple a and (3 satisfying the evolution equation 
^3^, the concatenations a^.b^ and b^.a^ defined above are homotopic A- 
paths. 

Proof. Assume that A is integrable and denote by G{A) the source 1-connected 
Lie groupoid integrating A. Recalling that the Lie algebra of sections of A 
can be identified with the Lie algebra of right invariant vector fields on G, 
we denote by 7^'' and the (time dependent) right invariant vector fields 
on 0{A) that correspond to and /3*, respectively. Then the evolution 
equation ()33p exactly means that + dt and ^* + de commute, when seen 
as vector fields on G{A) x I x I. This means that their flows: 



(34) 



(35) 



/3i(e)^.(i) =0,VeG/. 



('A/^mCs'),* + ^^,e) 
{(l)^+^^^{g),t,e + v), 
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commute, so we find: 

(^t+u,t ° 4>e+vA9) = <Pe+v,e ° (f)- 

In particular, taking t = e = and then switching the roles of u, v with the 
ones of t, e, one gets: 

Now, observe that the path in Q corresponding to the concatenation a^.b^ 
is the concatenation of the following paths 

while the one corresponding to b^.a'^ is the concatenation of the paths 

These are clearly homotopic (in the s-fibers) since they define the boundary 
of the square: 

We conclude that a^.6° and 6^.a° are homotopic as ^-paths. 

In the case A is not integrable, the above proposition still holds. The 
argument goes as follows: adt + bde : TI^ — )■ yl is a Lie algcbroid morphism 
(as can be checked in local coordinates). Let h : P ^ P he any homotopy 
between ■ v'^ and -u^, where ■ v'^ is the concatenation of f : e (0, e) 
with : t ^ (t, 1) and ■ the concatenation of li^ : t — t- (t, 0) with 

: e — >■ (1, e). Then the composition (adt + 6de) o dh : TP — >■ ^ is a Lie 
algebroid morphism that defines a homotopy between ■ 6° and b^ ■ a^. □ 

Remark A. 2. We can also interpret the proposition in terms of ^-homotopies 
(when 6" = 0): it says that b^ is a representative (up to ^-homotopy) of 
a^.(a'^)~^. Hence, 6^ is trivial if and only if a° is homotopic to a^. 

Appendix B. Fibered Lie groupoids 

We briefly explain basic notions about groupoids acting on groupoids, 
and how to form semi-direct products. 

Definition B.l. Given a submersion p : E ^ B, a fibered Lie groupoid 

is a Lie groupoid Qv ^ E over E such that pos = pot. 

Clearly, the orbits of a fibered Lie groupoid lie in the fibers of p, thus the 
restrictions Gv\Ei, — ^ groupoids as well for any b & B. 

We will denote p : Qv ^ B rather than p o s or p o t (there is no real 
confusion to be done here). It is a Lie groupoid morphism onto the groupoid 
B (whose only arrows are unities) so one can actually think of Qv as an 
extension of B with trivial kernel. 

Definition B.2. We will call the gauge groupoid, denoted Gauge(^y) ^ 
B, the set of all groupoid isomorphisms $62,61 • Sv\Eh-^ ~^ Qv\e,,^: with 
source and target s($62,6i) = ^i)t($62,6i) = ^2 and obvious identities and 
composition. 
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Of course the gauge groupoid is not Lie in general, however it is a nice 
intermediary in order to define actions of a Lie groupoid onto an fibered one. 

Definition B.3. A smooth action of a Lie groupoid Gb ^ B on a fibered 
Lie groupoid p : Gy ^ B is a groupoid morphism ^ : Gb ^ Gauge(Gy) 
covering the identity and such that 

Gb xb Gv — ^ Gv 

is a smooth map. Here, of course t/s x^^y := {(ay, as) € ^/b x ^y, s(aB) = 
p{av)} with the fibered topology. 

Given smooth action of a Lie groupoid Gb ^ B on a fibered Lie groupoid 
p : Gv ^ B there is a natural structure of Lie groupoid on Gb ^ B Gv E. 
Source and target are given by s(aB,ay) = s(ay), t{aB-,av) = t(*^*as(av)) 
and composition by: 

We will leave the details to the reader. Just note that this is a bit different 
from the usual notion of action of a groupoid on a submersion Gv ~^ E since 
the resulting groupoid is over E rather than Gv- 

Appendix C. Spheres in a Lie algebroid 

We want to extend the notion of homotopy groups to algebroids. In 
the case of an integrable algebroid A ^ M these should coincide with the 
second homotopy groups of the s-fibers, seen as a completely intransitive 
groupoid over M, however one needs a construction which is independent of 
integrability. 

Definition C.l. For a Lie algebroid A, we define a A-sphere to be an 

algebroid morphism s = adt + 6de : TI^ — >■ A such that a|£=o,i ^iid 6|4=o,i 
vanish (i.e a : — > A (resp. b : l"^ ^ A) vanishes whenever t G {0, 1} (resp. 
e € {0, 1}). The space of all such spheres will be denoted S'^{A). 

Clearly, a A-sphere s : TI^ A covers a topological sphere in the base 
manifold, that is, the base map of s is a map 'y : l'^ ^ M whose restriction 
to the boundary of is reduced to a point xq. We will say that s is based 
at xq. 

If A is integrable, then one can use the reasoning of proposition I A. II to see 
that any A-sphere integrates to a unique sphere lying in the s-fiber over its 
base point, and based at an identity. This motivates the following definition 
of homotopy for A-spheres. 

Definition C.2. A homotopy of j4-spheres is a smooth family of A-spheres 
Su '■ TI^ — )• A, n € / based at the same point xq G M. 

Definition C.3. Two spheres s^,s^ : TI^ — ?> A are said to be homotopic 
if there exists a homotopy of spheres s" : TI^ — ?> A such that Sj = s*, for 
i = 0, 1 /i = adt + 6de + cdu A such that a"=Mt + 6"=Me = s\ for i = 0, 1. 

We get this way an equivalence relation on the space of j4-spheres. 
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Definition C.4. We call second homotopy group, denoted vr2(A) the space 
of ^-spheres up to homotopy. 

The above definition for homotopy might not look so natural. Let us work 
a little bit and see why this notion is correct. 

Proposition C.5. Given a family (parametrized by u & I) of spheres = 
a"dt+6"de : TP A based at a same point, there exists a unique c : ^ A 
such that h : adt + bde + cdu : TI^ A is an algebroid morphism and 
C|j ,,=0 = 0. Moreover, c\t,e=i = 

Proof. Let us first show uniqueness: assume h : adt + bde + cdu : TI^ — t- A is 
an algebroid morphism, then one can extend b into a time-dependant section 
P oi A chosen such that /3|i=o,i = 0, and let a be the solution of the evolution 
equation 

da d/3 

d7-d^ = ["'^]^ 

with initial condition a|f=o = 0- We already know that necessarily a{^^{t, e)) : 
a{e,t,u) (see [6]). For the same reason, if we let 6 be the solution of the 
evolution equation 

with initial condition 0^=0 = 0, then necessarily 9 satisfies ^-y«(i,e) = c(t, e, u). 

To get existence, we have to make sure that if we let c := ^-yii(j,e), then 
h : adt + bde + cdu is indeed a Lie algebroid morphism. By construction, 
one already has the following relations: 

da d/3 

and, as can be checked in local coordinates, it is enough to show that: 

dO da 

di-d^ = [^'"]^ 

as well. We will need this result for other purposes, so we stated it in a 
separate lemma (see below). There only remains to show that OY(^t'j^^_^ = 0. 
For this, one can make the same reasoning as above switching the roles of a 
and b, then invoke uniqueness. □ 

Lemma C.6. Let /3 be a smooth family of sections of an algebroid A with 
parameters {e,t,u) € such that /3\t=o,i vanishes. Denote a and 9 the 
unique solutions of the evolution equations: 

da d/3 

de du 

with initial conditions a|£=o = and 0|e=o = 0- Then the following assertions 
hold: 



(i) 9 is solution of: 



d9 da 
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(ii) 9 vanishes whenever t = 0, 1. 

Proof. Define a family of sections (j) as the difference: 

dO da 

Clearly, (?!)|g=o = since a\^=Q and ^|e=o both vanish. On the other hand, a 
straightforward computation shows that (f) also satisfies: 

The unique solution of such an equation with initial condition 0|g=o = 
being ^ = 0, we have proved {%). 

The fact that ^|t=o,i = is in fact straightforward: if one sees the equation 

as a family of equations with parameter t, clearly for t = 0, 1, since fi 
vanishes, 6 has to vanish as well, which leaves {ii) proved. □ 

This way, we get an alternative definition for homotopies of ^-spheres 
that should be more natural (though redundant). 

Definition C.7. Two ^-spheres s°, : TI^ — > A are homotopic if there 
exists a Lie algebroid morphism s : adt + bde + cdu : TI^ with {adt + 
6de)|„=j = for i = 0, 1, and satisfying 

i) O|g=o,i = b^t=o.i = (i.e., adt + 6de is an ^-sphere for any u G I). 

ii) c^t,e=o,i = (i.e., c vanishes whenever t G {0, 1} or e G {0, 1}). 
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